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a�_X[+xLcdf`g(_b]jZS���WkK]�ZS]wf
ζq = p− 2p(p− 1)λ2 p~kw^.ZS�KZS] q = 2p

�<_XlLcd]\fhg�Z
l`��q�q�ZSft^ncdi }u�b� ��_X]�vj_bl

ζq = p+ 1− 2p2λ2 − α | q = 2p+ 1
� ��xLg�ZU^nZ

λ_b]�v
α
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iU^nZU_bl`ZSl�kK]�a����KZU^n��l`adkbxLad�uxLcdf`g#f`g�Z�fhc�q�Z�a{_b[W�bcd]�iSkK]wft^h_bl`f0xLcdf`g�q�k8l`f�l`c{q���adZ
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xLcdf`g(f`c{q�Z8�/�.g�cdl�q�k�v�ZSa6c�l#f`g�ZU^nZQp~kw^nZ#kbp�cd]wf`ZU^�ZSl`fFp§k�^Lk8��fhc�kK]\�W^�c�iScd]�[W�I�WZQ�
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q�kwq�ZS]�f`l6kbpÇfhg�Zuadk8[b�2�W^�c�iSZ�v�cr¦0ZU^nZS]�iSZ�_8^�ZLl`ft^ncdiSf`ad��eSZU^�kW���.g�ZulQ_8q�ZFc�l:ft^nm�Z
kbpÇf`g�Z� ¨iU_Xl`iU_bv�Z8¤�iSk8]�l`ft^�m�iSf`cdk8]+kXp �j_b]�v�ZSad�W^nkKfU���Ic�lhg�ZU^L_b]�v>=L_bad�8ZSf?�������
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f`g�Z�k8f`g�ZU^AgW_b]�v���_b]	c{q��%kw^nft_b]�f.l`fn�wadcdeSZSv�p2_biSf.kbp fhg�Z�f`c{q�Z�l`ZU^ncdZSlLkbp�l`f`k�iñzKl
_b]�v(l`f`k�iñz�c�]�v�cdiSZSl�cdl�f`g�Z�l`k	iU_Xa�adZSv� ¨adZS�8ZU^`_b[KZ�ZQ¦<ZSiSf=¤�BF�W_bl`f��W^ncdiSZ+^nZSfhmW^n]�l
_b]�v(p~m�f`mW^nZ��8kKa�_Xf`cda�cdf`cdZSl�_8^nZ�]�ZS[w_Xf`cd�8ZSad�\iSk�^`^nZSa{_bf`ZSv@���1�������.g�cdl�ZQ¦<ZSiSf#xL_bl
v�kwiSmWq�ZS]�f`ZSv�C�mW_b]wfhc�fQ_bf`cd�8ZSad�jcd]D���1�����1�����1�����E�.g�cdl�ZQ¦0ZSiSf�cdl#�W_8^nf`cdiSm�a{_8^nad�
l`ft^nk8]�[ p§k�^�lhf`kwiSz�cd]�v�cdiSZSlU��_b]�v	cd]�v�m�iSZSl�_�lhc�[K]�c¨�WiU_X]wf | ]�ZS[w_bf`cd�8Z � ltzbZSx:]�ZSl`l
c�]&f`g�Z�v�cdl`ft^ncd��m�f`cdk8]&kbp6�W^ncdiSZ�^nZSf`mW^n]�lU�F�.g�Z�_bc{q kXpÇf`g�cdlu�W_X�WZU^.cdlFf`k�l`f`m�v��
_�[8ZS]�ZU^`_Xa�cdeU_bfhc�kK]�kbp�f`g�Z }F�b� xLg�cditg	_biSiSk8m�]�f`l�p~kw^�f`g�ZFadZS�8ZU^`_b[8Z.ZQ¦0ZSiSf�_X]�v
f`g�ZLiSkw^`^�ZSl`�Wk8]�v�cd]�[#ltzbZSxL]�ZSl`l=��©ª�W_8^�f`cdiSm�a�_K^nad��cd]�f`ZU^nZSl`fhc�]�[#iSa{_bl`l.kbpÇq�k�v�ZSa�l
�W^nZSl`ZU^n�8ZSl.f`g�Z�q#m�adf`cdl`iU_badcd]�[+�W^nkK�WZU^nfn��kbp�f`g�Z }u�X� _b]�v	ZS��f`ZS]�v�l.c�fFf`k�k�v�v
q�kwq�ZS]�f`lU�0Y(ZFv�c�lhiSm�l`l.l`ZS�8ZU^`_ba��W]W_X]�iSc�_Xa<_b����adcdiU_bf`cdk8]�lAkbp�f`g�ZSl`Zuq�k�v�ZSadlU�8cd]
�W_8^nf`cdiSm�a{_8^6fhk�k8��f`cdk8]��W^ncdiScd]�[W��G~]	f`g�Z:�W^nZSl`ZS]�iSZFkbpÇ]�k8]�eSZU^�k�ltzbZSx:]�ZSl`lU�8fhg�Z
�8k8a{_bf`cdadcdf��#ltq�cdadZucdf`lhZSa¨p��%ZSiSkwq�ZSl6ltzbZSx.ZSv��I©u���W^nkb��c{q�_bf`ZAf`g�ZSkw^ncdZSlU�b�W_blhZSv�kK]
_�iSmWq#m�a{_b]�fLZS���W_b]�l`cdk8]���_8^nZ�_badl`k�v�cdl`iSm�l`lhZSvjcd]jf`g�cdlLiSkK]wf`ZS��fU�
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(Xt, t ≥ 0)
�%Zj_&l`f`k�itgW_blhf`cdi��W^nk�iSZSl`lU��xLcdf`g�l`ft_Xf`cdk8]W_8^n�&c�]�iU^�ZUq�ZS]wfhlU�

Y\Z#]�k8f`ZF�w�
δ`Xt

f`g�Zucd]�iU^nZUq�ZS]wf`l
Xt+` −Xt

_X]�v+���
M(q, `)

f`g�Z
q − thq�kwq�ZS]�f

E(|δ`Xt|q)
�

(Xt, t ≥ 0)
c�l:lt_bcdv	f`k��%Z�_#ps^h_biSft_ba%�W^nkwiSZSlhlJcrp

M(q, `) = Cq`
ζq .

| � �
Yog�ZS]�f`g�Z.p~m�]�iSf`cdk8]

ζq
cdlJadcd]�ZU_8^¥c�]

q
�8k8]�Z:l`�WZU_8zKl�kXpIq�k8]�kbp2^`_biSft_baK�W^nkwiSZSlhlU�

�.g�cdl	c�l&f`g�Z(iU_bl`Z(kbp�f`g�ZG�W^nkbxL]�c{_b]�q�k8f`cdk8]�p~kw^�x:g�c�iQg
ζq = q/2

�u_X]�v
q�kw^nZA[8ZS]�ZU^`_badad��kbp0l`ZSarpÜ�2lhc�q�c�a{_8^¥�W^nk�iSZSl`l`ZSl����1�K� �1�����=p~kw^�xLg�cditg�f`g�ZAp~k8adadk�x:c�]�[
Z'CwmW_badcdfn�+cd]&a�_=x�g�k8adv�l

δb`Xt = bHδ`Xt,

xLg�ZU^nZ
b
cdl�_X]�_8^���c�fQ^`_8^n�&l`iU_badcd]�[jp2_biSf`k�^S�	Yog�ZS]�fhg�Z�p~m�]�iSf`cdk8]

ζq
cdl�]�kK]

a�cd]�ZU_8^�c�]
q
��k8]�ZFl`�WZU_Kz8lLkXp q#m�a�fhc¨p2^`_biSfQ_ba��W^nk�iSZSl`lU��G~]	f`g�cdl.iU_bl`Z8��_bl.ZUq���gW_��

l`cdeSZSv	c�] �4�
���"! C<� | � � iU_X]+cd]	p2_biSfAk8]�ad�+g�k8adv	cd]j_#iSZU^nft_bcd]( ¨lhiU_badc�]�[�^nZS[Kc�q�Z8¤{�
` � T

�E�.g�Z�iSk8]�l`ft^�m�iSf`cdk8](kbp �����.c�l#�W_bl`ZSv(k8]Gfhg�Z�p§kKa�adkbxLcd]�[	v�cdl`iU^nZSf`cdeSZSv
�W^nkwiSZSlhl1B

X∆t(t) =

t
∆t∑

k=1

δX∆t[k]; δX∆t[k] = ε∆t[k]eω∆t[k].

��kw^0�W]W_X]�iSc�_Xa�_b����adcdiU_bf`cdk8]�l=�
X∆t(t)

iU_b]��%ZJfhg�k8m�[8g�f�kbpW_blÇfhg�Z�adk8[w_8^�c�fhgWq�kbp
f`g�Z��W^ncdiSZ�_bf:f`c{q�Z

t
���.g�Z?CwmW_X]wf`cdf`cdZSl

ε∆t[k]
_b]�v

ω∆t[k]
_8^nZ�cd]�v�ZS�WZS]�v�ZS]�f

5�_bm�l`l`c{_b]	�b_8^nc{_b��adZSlLxLcdf`g	f`g�ZFp~k8adadkbxLcd]�[�iSkb��_8^nc{_b]�iSZFl`ft^�m�iSf`mW^nZ+B

E(ε∆t[j]ε∆t[k]) = σ2∆tδj,k

E(ω∆t[j]ω∆t[k]) = λ2 ln ρ∆t[|j − k|]
xLg�ZU^nZ

ρ∆t[`] =

{
T

(|`|+1)∆t

xLg�ZS] |`| ≤ T
∆t − 1

1
k8fhg�ZU^nxLcdl`Z

T
cdluf`g�Z�cd]�f`ZS[w^`_Xa<fhc�q�Z��WZS�8k8]�v&xLg�cditg	fhg�Z�q#m�adf`crps^`_XiSft_baWlhiU_badc�]�[�iSZU_bl`ZSl:f`k
g�k8adv��

ε∆t[k]
cdl6kbpWq�ZU_b]

0
_b]�v p§kw^If`g�ZA��_8^nc{_b]�iSZAkbpWf`g�ZA�W^nkwiSZSlhlÇf`k:iSk8]w�KZU^n[8Z

xLg�ZS]
∆t→ 0

��k8]�Z�gW_blLfhk�iQg�k�k8l`Z+B

E(ω∆t[k]) = −V ar(ω∆t[k]) = −λ2 ln
T

∆t
.

#



�L]�v�ZU^.fhg�ZSl`Z�iSk8]�v�cdf`cdk8]�lU��cdfLxL_bl.l`g�kbxL]�cd] �����ÇfhgW_bf.f`g�Z�ZS�8ZS]jq�kwq�ZS]wf`lAkbp
f`g�Z��W^nk�iSZSl`lL_8^nZ8��cd]jf`g�Z�adc{q�cdf

∆t→ 0
�w[Kc��KZS]	�w� B

M(2p, `) = K2p

(
`

T

)p−2p(p−1)λ2

.

xLcdf`g

K2p = (2p− 1)!!(σ2T )p
∫ 1

0
du1· · ·

∫ 1

0
dup

∏

i<j

|ui − uj |−4λ2
.

�.g�Z�ZS�w��adcdiScdf�iSkwq���m�ft_Xf`cdk8]jkbp.f`g�Z+_b�%kb�8Z�c�]�f`ZS[w^h_baÇiU_X]G�WZ�p~k8m�]�vGcd] �4�+;����
f`gW_bfFl`g�kbxLlLf`gW_bfFf`g�Z�q�kwq�ZS]�f`l�_8^nZ��W]�cdf`Z�k8]�ad��p§kw^

q < q∗ = 2 + 1/2λ2 ��WZS�8k8]�v�x:g�c�iQg�fhg�ZSl`Z�q�kwq�ZS]�f`l0_8^nZ6cd]��W]�cdf`Z6p~kw^�_bada
`
������^�kwq�f`g�Z6v�ZQ�W]�cdf`cdk8]

kbp
ζq
��x.Zuk8��fQ_bcd]�B

ζq =
q

2
(1− (q − 2)λ2) , q = 2p.

AF]�Z�iU_X]\_badl`k�iSkwq���m�f`Z#f`g�Z�iSkw^`^nZSa{_bfhc�kK]	kbp�f`g�Z�adkwiU_ba��8k8a{_bfhc�adcdfn�8�0[8cd�8ZS]j���
σ[k] ≡ σeω∆t[k] � G~f�cdl�ZU_bl`cdad�Gl`g�kbxL]4f`gW_bf#f`g�cdl�iSkw^`^nZSa{_bf`cdk8]�v�ZSiU_U��l�_bl�_�Wkbx.ZU^D�2a{_Ux�kbp6f`g�Z�f`c{q�Z�a{_b[����
� B

E(σ[k]qσ[k + `]q)−E(σ[k]q)2 ∝ `−q2λ2
.

!�q���c{^ncdiU_badad�8�
λ2 cdlFp~k8m�]�v(f`k��WZ�^`_bf`g�ZU^:ltq�_Xa�a~�0cd](f`g�Z�^`_b]�[8Z 0.02− −0.1�������
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	�¯��+³:®
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Y\Z�]�kbx [8ZS]�ZU^`_badcdeSZ�f`g�Z�iSk8]�lhft^nm�iSf`cdk8]&kbp8����� cd]Gk�^nv�ZU^.f`k	_biSiSk8m�]�f.p~kw^Lfhg�Z
a�ZS�KZU^`_b[8Z�ZQ¦<ZSiSfU�AxLg�ZU^nZ�f`g�Z	�8kKa�_Xf`cda�cdfn�4c�l�iSkw^`^nZSa{_bf`ZSv4xLcdf`g��W_blhf��W^�c�iSZj^�ZQ�
f`mW^n]�lU�.Y(Z#�<^nl`fLiSkK]�l`cdv�ZU^Lf`g�Z p§kKa�adkbxLcd]�[�v�c�lhiU^nZSf`cdeSZSvGq�kwv�ZSa | x.Z�kwq�cdfLfhg�Z
∆t
cd]
ε
_b]�v

ω
p§k�^�lhc�q���a�cdiScdfn� � B

δX∆t[k] = ε[k] eω̃[k] ω̃[k] ≡ ω[k]−
∑

i<k

K(i, k)ε[i],

xLg�ZU^nZ
K(i, k)

cdlu_#iSZU^nfQ_bcd]jzbZU^n]�ZSaWv�ZSlhiU^ncd��c�]�[�g�k�x�f`g�ZFl`cd[8]	kbp�f`g�Z'^�ZSf`mW^n]
_bf�f`c{q�Z

i
_=¦0ZSiSf`l�f`g�Z | a�kK[ � �2�8k8a{_bfhc�adcdfn��_bf�_(a{_bf`ZU^�f`c{q�Z

k
��Y(Zjf`g�cd]Wz�kbp

�



K(i, k)
_Xl��%ZScd]�[��%k8l`cdf`cd�8Z8��_b]�v4f`g�ZU^nZQp~kw^nZ�f`g�Zjq�cd]wm�l�l`cd[8]o_XiSiSk8m�]wfhl�p~kw^

f`g�Z�l`cd[8]4kbpJfhg�Z+adZS�8ZU^`_X[8Z�ZQ¦<ZSiSfU�>Gs]�k�^nv�ZU^Ff`kj�W^�ZSl`ZU^n�8Z�f`g�Z+q#m�adf`cdl`iU_badcd]�[
�W^nk8�WZU^�f`cdZSl�kbpJf`g�Z��W^nkwiSZSlhlU�0x.Z�itg�k�k8l`Z�f`g�Z�zbZU^n]�ZSa

K(i, j)
f`k	v�ZSiU_=�\_bl�_

�Wkbx.ZU^D�2a{_Ux9B

K(i, j) =
K0

(j − i)α∆tβ
(j > i).

Y\Z�]�k�x iSk�q���m�f`Z�ZS��_XiSf`ad�jf`g�Z#�<^nl`f�q�kwq�ZS]�f`lukXpJf`g�cdl��W^�kwiSZSl`l�_X]�v\fhg�ZS]
[8cd�8Z�_b]\_X���W^nkb�wc{q�_bfhZLp~kw^`q#m�a{_ | f`k��<^nlhfLkw^nv�ZU^Acd]

∆t
� p~kw^.fhg�Z�g�cd[8g�ZU^Fq�kb�

q�ZS]wfhlU�


���� �������	��� ���
	�� �
� � ���
 0ZSf

t = n∆t
�6x:c�fhg

1 � n � N = T
∆t

�	Y(Z��W]�v���m�l`cd]�[(f`g�Z�]�k8fQ_bf`cdk8]
〈...〉 ≡ Eε,ω(...)

B

〈X2
t 〉 = 〈(

n−1∑

i=0

δX∆t[i])
2〉 =

n−1∑

i=0

〈ε[i]2〉〈e2ω̃[i]〉

= σ2∆t

n−1∑

i=0

〈e2ω[i]〉〈e−2
∑
k<i

K0
(i−k)α∆tβ

ε[k]〉

= σ2∆t

n−1∑

i=0

e
2K2

0σ
2∆t1−2β

∑
k<i

1
(i−k)2α

Y\Z#]�kbx q�_8zbZFf`g�ZFp§kKa�adkbxLcd]�[+_blhl`mWq���f`cdk8]�l1B

α >
1

2

σ2K2
0∆t1−2β � 1

| � �
xLg�cditg��=cd]��W_K^nf`cdiSm�a{_8^S�b^nZ'Cwm�c{^nZSl�f`gW_bf

β ≤ 1
2

x:g�ZS]
∆t→ 0

�	�.g�Z�iSk8]�v�cdf`cdk8]�l
| � � ZS]�l`mW^�Z�f`gW_bf:f`g�Z�l`mWq ∑

k<i
1

(i−k)2α =
∑∞

`=1
1
`2α
iSk8]w�KZU^n[8ZSlL_b]�vjfhgW_bf

xJZ�iU_b]�^�ZS��a�_XiSZ8�6f`kjadkbx.ZSl`f�k�^nv�ZU^�cd]
K0
�Çfhg�Z+ZS���Wk8]�ZS]�f`c{_baAf`ZU^`q�l#c�]�fhg�Z

ZS�w�W^nZSlhl`cdk8]�p§k�^ 〈X2
t 〉
�����

1
���:]�v�ZU^.f`g�ZSl`Z�_bl`lhmWq���f`cdk8]�lU��x.Zulhc�q���a��	gW_=�8Z+B

〈X2
t 〉 = σ2t,

_blAp§kw^¥f`g�ZFl`c{q���adZ��J^�k�x:]�c�_X]+q�k8f`cdk8]��Kkw^¥p§k�^6f`g�ZFl`��q�q�ZSft^ncdi }F�b� iSkK]�l`cdv��
ZU^nZSv	cd] �������

�




�� 
 ������� � � � 	 � �
� � ���
�.g�Z�f`g�c{^nvjq�kwq�ZS]wfU��^nZSa{_bf`ZSv�f`k�f`g�Z�lQzbZSxL]�ZSl`lU�KZS�w��adcdiScdf`ad�\^nZU_Xv�l1B

〈X3
t 〉 =

∑

0≤i,j,k<n
〈ε[i]ε[j]ε[k]eω̃[i]eω̃[j]eω̃[k]〉

= 3
∑

0≤i<j<n
〈ε[i]ε[j]2eω̃[i]+2ω̃[j]〉

= 3σ2∆t
∑

0≤i<j<n
〈eω[i]+2ω[j]〉〈ε[i]e2K(i,j)ε[i]〉

〈e
∑
k<i(K(k,i)+2K(k,j))ε[k]〉〈e2

∑
i<k<j K(k,j)ε[k]〉

Yocdf`g�cd]jf`g�Z#iSk8]�v�cdf`cdk8]�l | � � ��f`g�Z�ZS�w�%k8]�ZS]�f`c{_ba0f`ZU^`q�l | c~�æZ8� 〈eK(k,j)εk〉 � iU_X]_b[w_bcd]j�%Z�l`ZSfFf`k���f`k��<^nl`fLk�^nv�ZU^S���W^nkb��cdv�ZSv\fhg�Z�l`mWq�l:iSk8]w�KZU^n[8Z8��xLg�cdiQgjcdl
f`g�Z�iU_bl`Z�xLg�ZS]�ZS�KZU^

α > 1/2
� �Ll`cd]�[�f`g�Z�Z'C�mW_badc�fn� 〈εeλε〉 = λσ2e

λ2σ2

2
��x.Z

�W]�v

〈X3
t 〉 ' 6(σ2∆t)2

∑

0≤i<j<n
K(i, j)ρ

−λ2

2
0 ρ2λ2

i,j

= −6K0σ
4T

3λ2

2 ∆tα−β+λ2

2

∑

0≤i<j<n

∆t

((j − i)∆t)α
∆t

((j − i+ 1)∆t)2λ2

∆t→0' −6K0σ
4T

3λ2

2 ∆tα−β+λ2

2

∫∫

0<u<v<t

dudv

|u− v|α+2λ2

| � �

AF]�Z�ZU_bl`cdad�	�W^nkb�8ZSl�f`gW_XfU��m�]�v�ZU^.f`g�Z�iSk8]�v�cdf`cdk8]
ν2 = α+ 2λ2 < 1

�
∫∫

0<u<v<t

dudv

|u− v|α+2λ2 =
t2−ν2

(2− ν2)(1− ν2)
,

l`k�f`gW_bf.k8mW^A�W]W_ba�^nZSlhm�a�f:c�l
B

〈X3
t 〉 ≈ −

6K0σ
4T

3λ2

2

(2− ν2)(1− ν2)
∆tµt2−ν2 ,

| 
 �

xLg�ZU^nZ
µ = α − β + λ2

2

� �.g�ZU^nZQp~kw^nZ8�:f`g�Z(f`g�c{^nvªq�kwq�ZS]�f�[w^nkbxLl+_blj_
�Wkbx.ZU^FkbpLf`g�Z+fhc�q�Z�a{_b[

t
��xLcdf`g�_b]GZS���Wk8]�ZS]�f

ζ3 = 2 − ν2
�&�Fm�Z�f`kjfhg�Z

iSk8]�v�cdf`cdk8]�l | � � �
µ
cdlj_badxL_U��l��Wk8l`cdf`cd�8ZG_b]�v�f`g�ZU^nZQp~kw^nZ 〈X3

t 〉
��_b]�cdl`g�ZSl	cd]

f`g�Z+adc{q�cdf
∆t → 0

� G~]�k8fhg�ZU^�x.kw^�v�lU��f`g�Z+lQzbZSxL]�ZSl`l#kbpuf`g�Z	iSk8]�f`cd]�m�k8m�ln�
a�c{q�cdf��W^�kwiSZSl`l�v�cdlt_b���%ZU_8^nlU�7G~]��W^`_XiSf`cdiSZ8�6g�kbxJZS�KZU^S��f`g�Z	ZSadZUq�ZS]�ft_8^��\fhc�q�Z

�



l`iU_badZ
∆t
�:�WZS�8k8]�v�xLg�cditg��W^ncdiSZ(cd]�iU^nZUq�ZS]�f`l	_8^nZjm�]�iSk�^`^nZSa{_bf`ZSv��.cdl	Z'C�mW_ba

f`k�l`ZS�8ZU^`_ba0l`ZSiSkK]�v�lU��ZS�8ZS]	cd]&p§m�fhmW^nZSlLq�_8^`zbZSfhlU�w_b]�v&f`k�l`ZS�8ZU^`_Xa�q�c�]�m�f`ZSlLcd]
l`f`k�iñzKl q�_8^`zbZSf`l=� ����^nkwq _Ff`g�ZSkw^�ZSf`cdiU_ba8�WZU^�l`�WZSiSf`cd�8Z8�Kg�kbxJZS�KZU^S�Ucdf6x.k8m�adv��WZ
c�]�f`ZU^nZSlhf`cd]�[uf`kFiSk8]�l`fQ^nm�iSfÇ_Fq�m�adf`crp2^`_biSft_Xa8�W^nk�iSZSl`lÇx:g�c�iQg�^nZUq�_bcd]�l�ltzbZSx.ZSv�cd]
f`g�Z�iSk8]�f`cd]wm�k8m�l:f`c{q�Z�adc{q�cdfU�.Y(Z�xLcdada�iSkwq�Z��W_biSz�f`k�f`g�cdlu�%k8cd]wfFcd]jl`ZSiSfhc�kK]

W�
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©ul

q
[w^nkbxLlU�.fhg�Z�_bad[8ZS�W^`_�kbp�fhg�ZGZS�w��adcdiScdfjiSkwq���m�ft_bf`cdk8]�kbp�f`g�Z

q − thq�kwq�ZS]�fL^`_b��cdv�ad�j�WZSiSk�q�ZSluq�ZSl`lh�8�<_b]�v	fhg�Z�ZS��_biSfu^nZSl`m�adfFiU_b]�]�k8fL�%Z�iSkwq��
��m�f`ZSv����:kbxJZS�KZU^S��_bl�x.Z�l`g�kbx c�]�_b���%ZS]�v�c��0��k8]�Z�iU_b]�l`f`cdada�iSkwq���m�fhZ�fhg�Z
v�kwq�cd]W_bf`cd]�[�f`ZU^`q"cd]jf`g�Z�adc{q�cdf

∆t→ 0
�

�	��
	�
� �������������������

Y\Z#xL_b]wfAf`k�ZS��_badmW_bfhZ�f`g�Z�[8ZS]�ZU^ncdi�q�kwq�ZS]wf1B

〈X2p+1
t 〉 =

∑

0≤i1 ,...,i2p+1<n

〈ε[i1] . . . ε[i2p+1] eω̃[i1] . . .eω̃[i2p+1 ]〉. | � �

�.g�Z�l`mWq kb�8ZU^
2p + 1

��_8^nc{_b��adZSl�iSk8]�ft_bcd]�l�q�_b]��	v�cr¦<ZU^nZS]�f�f`ZU^hq�lu��m�f=�<_bl
xJZ	�hm�l`f`crp§��cd]jf`g�Z�©F���WZS]�v�cd�0��f`g�Z�v�kwq�c�]W_Xf`cd]�[�k8]�Z�cdl1B

D2p+1 =
∑

0≤j1 ,...,jp+1<n

〈ε[j1]ε[j2]2 . . . ε[jp+1]2eω̃[j1]+2ω̃[j2 ]+···+2ω̃[jp+1 ]〉
| � �

xLg�ZU^nZ�_bada�f`g�Z��b_8^nc{_b��adZSl�_8^nZ��W_bc{^nZSv&fnxJk��w�	fnx.k���m�fuk8]�Z8����kw^:ltq�_bada
K0
�

xJZ:�W]W_badad���W]�v�B

〈X2p+1
t 〉 ' −M2p+1K0∆tµ tp+1−2p2λ2−α,

| � �
xLg�ZU^nZ M2p+1

cdlj_4�%k8l`cdf`cd�8Z(]wmWq�ZU^ncdiU_bau�W^�ZQps_biSfhkw^S�L_b]�v
µ
x�_Xl+v�ZQ�W]�ZSv

_b�Wkb�8Z8�E�.g�ZU^nZQp~kw^nZ8�0x.Z#�W]�v�f`gW_Xf�_bada6kwv�v�q�kwq�ZS]�f`lFl`iU_badZ+_bl�_	�%k�x.ZU^:kbp
f`g�Zufhc�q�Zua{_b[

t
��xLcdf`g

ζq = p+ 1− 2p2λ2−α | q = 2p+ 1
� ��Gs]+f`g�cdl.l`ZS]�l`Z8�

f`g�Z�q�k�v�ZSa<iSkK]�l`cdv�ZU^nZSv	cdl'q#m�adf`crps^h_biSft_ba÷p§kw^Ak�v�vjq�kwq�ZS]�f`l._blLx.ZSada§�

�	��
	���  "!#���$���%�&�����'�

Y\Z#]�kbx xL_b]�f�fhk�ZS��_badmW_bfhZ�f`g�Zu[KZS]�ZU^ncdi�ZS�8ZS]jq�k�q�ZS]wf

〈X2p
t 〉 =

∑

0≤i1,...,i2p<n
〈ε[i1] . . . ε[i2p] e

ω̃[i1]+···+ω̃[i2p]〉

(



�Ll`cd]�[�l`c{q�cda{_8^�_8^n[8mWq�ZS]wf`l=�wv�ZSfQ_bcda�ZSv(cd](f`g�Z�_X���WZS]�v�cd�<�0x.Z#iU_b]jl`g�kbxªfhgW_bf
f`g�Z�v�kwq�cd]W_bf`cd]�[�f`ZU^`q"cdlFl`c{q���ad� B

D2p =
∑

0≤j1 ,...,jp<n
〈ε[j1]2 . . . ε[jp]

2 e2ω̃[j1]+···+2ω̃[jp]〉

_b]�v	f`gW_bf.x.Z'^�ZSft^ncdZS�8Z8�Kp§k�^
K0
ltq�_bada~��f`g�Z�^nZSlhm�a�f:kbp ���
� B

〈X2p
t 〉 ' M2p t

p−2p(p−1)λ2
.

�LZS]�iSZ8�IxJZ#�W]�vGfhgW_bf'_��Wkbx.ZU^D�2a{_=x adZS�8ZU^`_X[8Z�iSkw^h^nZSa{_bf`cdk8]&p§m�]�iSfhc�kK]���cd]wfQ^nkb�
v�m�iSZSv�_Xl�xJZ#gW_=�8Z��W^nkK�Wk8l`ZSv��%v�k�ZSl�]�k8f'_�¦<ZSiSf�ZS�8ZS](q�kwq�ZS]�f`l | fhk+adkbx.ZSl`f
kw^nv�ZU^Acd]

K0
� ����m�fL[Kc��KZ�f`k�f`g�Z�kwv�vjq�kwq�ZS]�f`lJ_�q#m�adf`crp2^`_biSft_ba%�WZSgW_=��c�kKmW^S�

� � ­ ���j®
��­��6´�°�­ ®�° � �b° � ��� ± ��³ ���(´b­	� ����¯�

­�� ���
©ul�x.Z�gW_=�8Z+]�kKf`cdiSZSvo_b�Wkb�8Z8��_�iSk8]�v�cdf`cdk8]4p§k�^�fhg�Z	iSk8]w�KZU^n[8ZS]�iSZ�kbpul`mWq�l
_b���WZU_8^�c�]�[�cd]�fhg�ZLZS�w�%k8]�ZS]�f`c{_badl6c�l

α > 1/2
�I©�x�_=��f`k�^nZSa{_b��f`g�cdl6cdl�f`k�_Xv�v

_	a{_8^n[8Z�f`c{q�Z�iSm�fn�2kb¦�f`k&f`g�Z��Wkbx.ZU^D�2a{_=x�zbZU^n]�ZSa
K(i, j)

���	k�^nZ��W^nZSiScdl`ZSad�8�
xJZFl`ZSf1B

K(i, j) =
K0 e

−Γ(j−i)

(j − i)α∆tβ
(j > i),

xLg�ZU^nZ
Γ ∼ ∆t/T � 1

�FY(Z�]�k�x iSk8]�l`cdv�ZU^:f`g�Z�iU_Xl`Z�iSk8]�v�cdf`cdk8]
α < 1/2

�
��m�fLc{q��Wk8lhZ+B

Γ2α−1K2
0∆t1−2β � 1.

| � �
�.g�cdlLZS]�l`mW^nZSlLfhgW_bf�f`g�Z�lhmWq cd]	f`g�Z�ZS�w�%k8]�ZS]�f`c{_ba0f`ZU^`q�l.cdlLiSk8]��8ZU^n[8ZS]�fJ_X]�v
^nZUq�_bcd]�lLltq�_bada§����k8adadk�x:c�]�[	fhg�Z�lt_8q�Z�^nk8m�f`Z�_bl�_b�%k��KZ8��f`g�Z�f`g�c{^nv(q�kwq�ZS]�f
^nZU_bv�l

〈X3
t 〉

∆t→0' −6K0σ
4T

3λ2

2 ∆tµ
∫∫

0<u<v<t

e−
|u−v|
T dudv

|u− v|α+2λ2 .


Lk8fhZ�f`gW_bf�f`g�Z.v�k8m���adZ.cd]wf`ZS[�^`_ba�k��KZU^
u, v
iSk8]w�KZU^n[8ZSl��W^nkb�wcdv�ZSv

α+2λ2 < 1
�

�L]�v�ZU^Af`g�ZFiSk8]�v�cdf`cdk8]
t� T

�8fhg�ZuZS���Wk8]�ZS]�f`c{_ba0f`ZU^`q iU_b]��WZ�vW^nk8���%ZSv�_X]�v
xJZ�^nZSiSkb�8ZU^Lfhg�Z�lt_8q�Z�^nZSl`m�adf�_bl�_b�Wkb�8Z8��! C<� | 
 � �0x:c�fhg

µ = α − β + λ2

2

�
�L]�p~kw^nf`m�]W_Xf`ZSad�8� | � � xLcdf`g

Γ ∼ ∆t/T
c{q��WkKl`Z�f`gW_bf

α− β ≥ 0
cd]	f`g�Z�adc{q�cdf

�



∆t→ 0
� �.g�ZU^�ZQp§kw^�Z8�tfhg�Z6ZS�w�%k8]�ZS]wf

µ
cdl�l`ft^ncdiSf`ad�F�Wk8lhc�fhc��KZ�_b]�v�f`g�Z6ltzbZSx:]�ZSl`l

_b[w_bcd]�v�cdlt_b���%ZU_8^nl.cd]+fhg�ZuiSk8]�f`cd]�m�k8m�l6f`c{q�ZFa�c{q�cdfU�FAF]+f`g�ZFk8f`g�ZU^¥gW_b]�v��8fhg�Z
�Wk8l`lhc���cdadcdfn�+kbp�itg�k�k8l`cd]�[

α < 1/2
adZU_bv�l.f`k�f`g�ZFc�]�f`ZU^nZSlhf`cd]�[��%k8l`l`cd��cdadcdf���kbp _

ltzbZSxL]�ZSl`l�fhgW_bf�� &).��	3uxLcdf`g(f`c{q�Z8�EG~]�v�ZSZSv���f`g�Z�f`g�c{^nv�q�kwq�ZS]�f | [Kc��KZS]\���
!�C0� | 
 �h� �bv�cd�wcdv�ZSvj����f`g�ZFf`g�c{^nv+�%kbxJZU^¥kbpÇf`g�Z:�8k8a{_bf`cdadcdf��8��l`iU_Xa�ZSlL_bl

t1/2−ν2
�

xLcdf`g
ν2 = α + 2λ2 ����q�_badaJ�b_badm�ZSl�kbp

α
f`g�ZU^nZQp~kw^nZ�a�ZU_Xv�l�f`kG_&[w^nkbxLcd]�[

ltzbZSxL]�ZSl`l | _bf.adZU_bl`f:p§kw^
t � T

� ��xLg�ZU^nZU_bl
α > 1/2

]�ZSiSZSl`lt_K^ncda��	adZU_bv�lFf`k+_
ltzbZSxL]�ZSl`l.f`gW_XfJv�ZSiU_=��l.xLcdf`g	f`c{q�Z8�
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G~]Gkw^�v�ZU^Lf`k�[8ZS]�ZU^`_Xf`Z�iSkw^h^nZSa{_bf`ZSv 5�_bm�l`l`c{_b]G^`_X]�v�kwq �b_8^nc{_b��adZSl | f`g�Z
ω
¤æl � �

xJZ p§kKa�adkbx�_EC�m�c�fhZ�lhft_b]�vW_8^nv&�W^nk�iSZSv�mW^nZ�ZS�w��a{_bcd]�ZSvGcd] ��� �)�n�W�W_blhZSv\kK]\fhg�Z
m�f`cda�cdeU_bfhc�kK]jkbpÇfhg�Z ��_bl`f8��k8mW^�c�ZU^ �Ç^`_X]�lnp§k�^`q ��� �'�n�
�.g�Zuq�_ �`kw^�v�c���iSm�a�fn��cdl.f`k�Z��+iScdZS]wfha���iSkwq���m�f`Z.f`g�ZLltzbZSx:]�ZSl`l6iSk8]��8k8adm�f`cdk8]
∑

i<kK(i, k)ε[i]
�0Y(ZL�<^�l`f6[8ZS]�ZU^`_bfhZ

2n
cd]�v�ZS�WZS]�v�ZS]�f�5�_bm�l`l`c{_b]���_8^�c�_X��a�ZSl

η[i]
��_b]�v��WZU^ncdk�v�c�eSZ�k8mW^Al`ZU^�c�ZSlF_bl1B

ε[i] =

{
η[i]

crp
0 ≤ i < k

η[i+ 2n]
crp
k − 2n ≤ i < 0

_b]�v	x.Zuv�ZQ�W]�Z

K̄(i, k) =

{
K(i, k)

crp
0 < k − i ≤ n

0
kKf`g�ZU^nxLcdl`Z

Y\Z:iU_b]�]�k�x�ZS�b_badmW_bf`Z.f`g�Z.ltzbZSx:]�ZSl`lÇiSkK]w�8kKa�m�fhc�kK]���� ∑k−1
i=k−2n K̄(i, k)ε[i]

�
_b[w_bcd]�m�l`cd]�[:��_bl`f8��kKmW^ncdZU^��Ç^h_b]�lnp~kw^`q�lU����g�Z�m�l`Z�kbp

n
 r��l`ZSm�v�kW¤��W_bl`f.��_K^ncr�

_b��adZSlJ_b]�v�f`g�ZLiSm�f��2kb¦�c{q��%k8l`ZSv�fhk
K̄(i, k)
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iSkw^`^nZSa{_bf`cdk8]�l.�%ZSf�x.ZSZS]��W_bl`fL�Kk8a{_bf`cdadc�fhc�ZSl�_b]�v�p~m�f`mW^nZ�^nZSf`mW^n]�l=� ��g�Z�l`�wlhf`ZUq#�
_bf`cdi(m�l`Z(kbp�f`g�Z ��_bl`f>��k8mW^�c�ZU^���^`_b]�l�p§kw^hq q�_8zbZSl�f`g�Z(xLg�k8adZ(�W^nkwiSZSv�mW^�Z
Cwm�cdf`Z#Z��+iScdZS]wf�_b]�v(_badadk�x:lLm�l�f`k�l`c{q#m�a{_bf`Z#a�kK]�[+l`ZU^�c�ZSl�kXp k8mW^:�W^nk�iSZSl`l | cd]
f`g�Z+_b����adcdiU_bf`cdk8]�l#xJZ�m�l`ZSvGl`ZU^ncdZSl#kbp
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f`g�Z�CwmW_b]�f`cdf`cdZSl�xJZ(v�ZU_ba�x:c�fhg iU_X]o�WZ�ltq�_bada�_b]�v�f`g�Z(iSk8]w�KZU^n[8ZS]�iSZjiU_X]
�WZ(�8ZU^n��l`adkbx�v�m�Z\fhkGf`g�Z(ZS�wcdl`fhZS]�iSZ\kXp�a�kK]�[b��^`_b]�[8Z	iSk�^`^nZSa{_bf`cdk8]�l�cd] fhg�Z
��_8^nc{_b��adZSl {ω[i]} ��_b]�vGf`g�Z�l`adkbx��%kbxJZU^��2a�_=x v�ZSiU_=�\kXpJf`g�Z+zXZU^n]�ZSa K(i, j)

�
G~]�k�^nv�ZU^%f`kLZSadc{q�cd]W_bf`Z�lh��mW^ncdk8m�l�ltzbZSx:]�ZSl`l0ZQ¦<ZSiSf`l6_b]�v�f`k.�WZ.q�kw^nZ�_XiSiSmW^`_bf`Z8�
xJZ�gW_=�8Z#l`�wlhf`ZUq�_bf`cdiU_badad�\_=�8ZU^h_b[8ZSvjkb�8ZU^:f`g�Z��W^nk�iSZSl`l`ZSl�[8ZS]�ZU^h_bf`ZSvj���jfhg�Z
��_8^nc{_b��adZSl {ε[i], ω[i]} _b]�v+����f`g�Zu�b_8^nc{_b��adZSl {−ε[i], ω[i]} �	G~]jfhg�Z'_b��lhZS]�iSZkbp�_blh��q�q�ZSft^n� | c~�æZ8��xLg�ZS]

K(i, j) ≡ 0
� �If`g�Z�l`ZSiSk8]�v��W^nkwiSZSlhl�cdl�ZS��_biSf`ad�

f`g�Z��`q�c{^`^nkw^Ac{q�_b[KZ��'kbp6f`g�ZF�<^nlhfLk8]�Z�_b]�v	f`g�ZU^�ZQp§kw^�Z'_bada�k�v�v\q�kwq�ZS]�f`lL_8^nZ
l`ft^ncdiSf`ad�4eSZU^nkW�D=.k8]��8ZU^nl`ZSad�4c�]�f`g�Zj�W^�ZSl`ZS]�iSZjkbp�_bl`��q�q�ZSfQ^n�8�6f`g�Z	l`ZSiSkK]�v
�W^nkwiSZSlhl�cdl�]�k�a�kK]�[8ZU^#f`g�Z��`q�c{^`^nkw^ c{q�_b[8Z��	kbpuf`g�Z��<^�l`f�k8]�Z | l`ZSZ>��cd[ � � �
_b]�v	k8]�ZF�W]�v�lL]�k8]	eSZU^�k�k�v�vjq�kwq�ZS]wf`l=�Ç�A�+�W^�kwiSZSZSv�cd]�[�f`g�cdlFxL_U�8�Kx.Z�_8^nZ
l`mW^nZFf`gW_bfJ_X]w��]�kK]+eSZU^nk�^nZSlhm�a�f.iU_b]�cd]�v�ZSZSvj�%Z�_bf`ft^ncd��m�f`ZSv�f`k�f`g�Z�adZS�8ZU^h_b[8Z
zbZU^n]�ZSa~�
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kbp�f`g�Z(�W^nk�iSZSl`lU�"© fhk8ft_baFkbp

213 �b_8^nc{_b��adZSljx.ZU^nZ&m�l`ZSv�p~kw^�ZU_Xitg�l`ZU^ncdZSlU�
�.g�Z��W_8^`_Kq�ZSf`ZU^nlFx.Z�m�lhZSv�_8^nZ

T = 4000∆t
�
λ = 0.175

�0iSkw^`^nZSl`�%k8]�v�cd]�[
f`k
λ2 ' 0.03

��Y(Z�itg�k8lhZ�fnxJk�v�cr¦<ZU^nZS]�f���_badm�ZSl�kbp.f`g�Z+zbZU^n]�ZSaAZS�w�%k8]�ZS]�f1B
α = 0.3

xLcdf`g
β = α + λ2/2

_b]�v
α = 0.6

xLcdf`g
β = 0.45

� �.g�Z�l`ft^�ZS]�[8f`g
kbpJf`g�Z�adZS�8ZU^`_X[8Z�ZQ¦<ZSiSf�cdl�ft_KzbZS](f`k	�WZ

K0 = 0.1
�0ltq�_bada�ZS]�k8m�[8g(f`k	ft^�m�l`f

k8mW^u_X���W^nkb�wc{q�_bfhZLp~kw^`q#m�a{_blU�:Y\Z�gW_=�8Z#ZS��_badmW_bf`ZSv(f`g�Z#v�cr¦<ZU^nZS]�f�q�kwq�ZS]�f`l
p§kw^Af`c{q�ZSlL^`_X]�[8cd]�[�ps^�kwq

t = 10∆t
f`k
t = 1300∆t

��c~�æZ8�6cd]j_�^nZS[Kc�kK]+xLg�ZU^�Z
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| ��cd[W��� � �wx:c�fhg�_#�WZU^�p§ZSiSfL_bv�Z'C�mW_bf`cdk8]��WZSfnx.ZSZS]�f`g�Z�f`g�ZSk�^nZSf`cdiU_baW�W^�ZSv�c�iSfhc�kK]
_b]�v(f`g�Z�l`c{q#m�a{_bf`cdk8]�lU�9�.g�Z�_b[w^nZSZUq�ZS]�fLcdl�_b[w_Xc�]&�8ZU^n�	[8k�k�v	p~kw^Lfhg�Z�fhg�c�^�v
q�kwq�ZS]�f | �Icd[W� � � �6cd]��W_8^nf`cdiSm�a{_8^ p§k�^

α = 0.3
� �.g�ZU^�Z+cdl	_jlh�wl`fhZUq�_bf`cdi

v�c¨¦0ZU^nZS]�iSZ.p~kw^
α = 0.6

�=f`gW_bf�f`ZS]�v�l6f`k�v�cdlt_b���%ZU_8^Ip~kw^�a{_8^�[8Z�f`c{q�Z.a{_b[8l=� ��g�c�l
c�l:v�m�Z�f`k�f`g�ZFp2_biSf.f`gW_bf.iSkw^`^�ZSiSf`cdk8]�l.f`k�k8mW^L_bl`��q���f`kKf`cdi.p§k�^`q#m�a�_XlJfhZS]�v	f`k
�WZ�l`fQ^nk8]�[8ZU^:xLg�ZS]

α
cd]�iU^nZU_bl`ZSl=�:G~]�v�ZSZSv��Icd]�f`g�Z�_b�Wkb�8Z#iU_badiSm�a�_Xf`cdk8]�l | � � �

xJZFgW_=�8Z�l`ZSf1B
∑

0≤i<j<n

∆t

((j − i)∆t)α
∆t

((j − i+ 1)∆t)2λ2 ≈
∫∫

0<u<v<t

dudv

|u− v|α+2λ2 .

©uadf`g�k8m�[Kg�f`g�cdl�cdl.iSkw^`^nZSiSf6cd]�f`g�ZLadc{q�cdf
∆t/t→ 0

�8f`g�ZU^�Zu_8^nZ.iSkw^`^�ZSiSf`cdk8]�l6kbp
f`g�Z�kw^nv�ZU^.kXp

(∆t/t)1−ν2
��x:g�c�iQgj�%ZU^nl`cdl`fLx:g�ZS]

ν2 → 1
�
 0ZSfFm�lL]�k8f`Z�fhgW_bf

f`g�cdl��W]�cdf`Z�fhc�q�ZuiSkw^h^nZSiSf`cdk8]�cdlL�8ZU^���ltq�_bada÷p§kw^Af`g�ZFZS�8ZS]	q�kwq�ZS]�f`lU�blhc�]�iSZ�cd]
f`g�cdlLiU_bl`Z

ν2
cdlu^nZS��a{_biSZSv&�w�
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� Õ�� ��ö�Í=ï�½¾º2Âd¹2¿8Á Û í ½SÅ2·�ÑQðUâAÍSá�¹2¿8· 3rd Á�Í=Á�·`¸b¹�ÍSá6¹2¿8·FÈ8ºDÍ�Ìh·`Å2ÅD·`ÅtÊ�áÜÍUº α = 0.3Û{¹2Í=Èwâ.½S¸8» α = 0.6 Û í ÍU¹D¹2Í=Á�â`Ê�½¾¸8» K0 = 0.1 à �6¿8·'½¾»8·`ÃbÄw½¾¹2ÂdÍU¸ í ·h¹~ùÇ·`·h¸Å2ÂdÁ�Ä8É{½S¹DÂ�Í=¸8Å�½S¸8»L¹D¿8·`Í=º2ÏLÂdÅ0·`ßb¹2ºD·`Á�·`ÉdÏ.ïUÍbÍb».áÜÍ=º α = 0.3 Ûê¹2ÍUÈ�â`Ê í ÄK¹<Éd·`ÅDÅ�Ì`Í=¸béä�Âd¸8ÌhÂ�¸Kï6áÜÍ=º α = 0.6 Û í ÍU¹D¹2ÍUÁ�â`à �6¿KÂ�Å0»8ÂdÅDÌ`º2·`È�½S¸8Ì`Ï�ÌQ½S¸ í ·6Å2ÂdÁ�È8ÉdÏA·`ßbÈ8É{½SÂd¸8·`»í Ï:¹2¿8·¥á§½SÅD¹2·`º�ÌhÍU¸bäU·`ºDïU·`¸KÌ`·.ÍSá�¹2¿8· Ù Âd·`Á�½¾¸8¸LÅDÄ8Á�Å0Âd¸u¹D¿8·�ÌQ½SÅ2· α = 0.3 ¹D¿w½S¸Â�¸#¹2¿8·.Ìt½¾Å2· α = 0.6 Û{Å2·h· Ø Â�ï�à��

� � °�� ���+¯A´�� °�­ �y´=®
� � � �G´b¯�´b³ ��� ± ��®
�
�.g�ZuiSk�q��W_8^ncdl`k8]��WZSfnx.ZSZS]�f`g�ZF�W^nZSv�cdiSf`cdk8]�lLkbp�f`g�Z | l`��q�q�ZSft^�c�i �A}u�X� _X]�v
^nZU_ba6�W]W_X]�iSc�_Xa�vW_bft_�xL_bl�v�cdl`iSm�l`lhZSv�cd]�v�ZSft_bcdadl�cd] ��������G~]4�W_8^nfhc�iSm�a{_8^¾�Çfhg�Z
x�_=��f`k�iU_badc��W^h_bf`Z�fhg�Z��W_K^`_8q�ZSf`ZU^�l

λ2 _b]�v T cdl�f`k�l`f`m�v��	f`g�Z�iSkw^h^nZSa{_bf`cdk8]p§m�]�iSf`cdk8]�kbp�f`g�ZLadk8[b�2�8kKa�_Xf`cda�cdfn�8��f`gW_bf6l`g�kKm�a�v��WZSgW_=�8ZF_bl6f`g�ZFa�kK[�kbp�f`g�ZLfhc�q�Z
a�_X[�m���f`k#f`c{q�Z

T
�wx:c�fhg�_#l`adk8�%Z�xLg�cditg�cdlJ�W^�ZSiSc�lhZSa��

λ2 ��Yog�cdadZ λ2 cdl�C�m�c�fhZxJZSada�v�ZSf`ZU^`q�cd]�ZSv | cdf`l�fn�w��cdiU_ba���_badm�ZLcdl ;��4;+� � �Sfhg�Zu rc�]�f`ZS[w^h_babf`c{q�Z8¤
T
cdl�q#m�iQg

a�ZSlhlL�W^nZSiScdl`ZSad�	iU_badcd�W^`_bf`ZSv | cdf.cdlLp~k8m�]�v�f`k��WZ ≈ 2
�8ZU_8^nl � � �.g�Z�ZSadZUq�ZS]�ft_8^n�

f`c{q�Z.c�]�f`ZU^n�b_ba
∆t
cdl6[8cd�8ZS]��w��fhg�ZJiQg�k8l`ZS]#v�cdl`iU^nZSf`cdeU_bf`cdk8]�kbpWfhg�ZJfhc�q�Z�l`ZU^ncdZSlU�

�W^nkb�wcdv�ZSv�cdf6c�lAa{_8^n[8ZU^If`gW_b]�f`g�Z.iSkw^`^�ZSa�_Xf`cdk8]�f`c{q�Z.kbp0f`g�ZL^nZSf`mW^n]�l | k8fhg�ZU^nxLcdl`Z
f`g�Z�_bl`l`mWq���f`cdk8]	f`gW_bf 〈ε[i]ε[j]〉 = δi,j

cdlF]�k8f%�`m�l`fhc¨�WZSv � � ��kw^:ZS��_8q���adZ8��p~kw^
vW_bcda��	vW_Xft_��

∆t = 1
vW_U�8�

©ul�p2_8^6_bl6lQzbZSxL]�ZSl`l6cdl�iSkK]�iSZU^n]�ZSv��8f`g�ZAp~k8adadk�x:c�]�[� ¨adZS�8ZU^`_b[KZ8¤UiSkw^h^nZSa{_bf`cdk8]

û H



1 1.5 2 2.5 3 3.5
−2

−1.5

−1

−0.5

 
y = − 0.6*x + 0.011

log(n)

α=0.3

data
linear fit

1 1.5 2 2.5 3 3.5
−1.2

−1.1

−1

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2
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� Õ�����ö÷ÍUï�½¾º2Âd¹2¿KÁ Û í ½SÅD·JÑQðUâ�ÍSá8¹D¿8·ÇºD·`Å2ÌQ½SÉd·`»F»8Â���·`ºD·`¸8Ì`· í ·`¹~ù�·`·`¸F¹2¿8·�Á�·Q½SÅ2ÄKº2·`» 3rdÁ�ÍUÁ#·`¸b¹wÍ¾á�¹D¿8·�È8º2ÍbÌ`·`ÅDÅ ½¾¸8»F¹2¿8·6¹D¿8·`ÍUºD·`¹2ÂdÌt½¾ÉwÍ=¸8·.Û 〈X3
th〉 − 〈X3

meas〉/〈X3
th〉 â½SÅJ½'áÜÄ8¸8Ìh¹2ÂdÍU¸�Í¾áÇ¹2¿K·uÉdÍUïb½SºDÂ�¹D¿8ÁªÍ¾áÇ¹2¿8·F¹2ÂdÁ#·JÉ{½¾ï�Û n = t/∆t âhà �6¿8ÂdÅ�ïUºn½SÈ8¿Ì`ÍU¸bú�º2Á�ÅF¹2¿�½S¹�¹2¿K·�º2·`ÅDÌt½SÉd·`»�»8Â���·`ºD·`¸8Ì`· í ·`¿w½QäU·hÅ�ÉdÂ !U·�½�È�ÍSù�·`º~é~É{½QùªÍSá.¹2¿8·

¹2ÂdÁ�·.É{½Sï�Ê8ù6Âd¹2¿	½S¸�·hß�È�ÍU¸K·`¸b¹JÌhÉ�Í=Å2·�¹DÍ 1 − ν2
Ê�¹2¿�½S¹.»8·`È�·`¸8»8Å:ÍU¸ α à �6¿8·`ÅD·Ì`ÍUºDº2·`Ì`¹DÂdÍU¸8Å í ·hÌ`ÍUÁ#·uÉ{½SºDïU·Fù6¿8·`¸ ν2 → 1 Û�áÜÍUº.·`ß8½¾Á�È8Éd·:áÜÍUº α = 0.6 â.½S¸8»·`ßbÈ8É{½SÂd¸�¹D¿8·.»8ÂdÅ2Ì`ºD·`Èw½S¸KÌ`Ï�Í í ÅD·`º2ä=·`»�Âd¸ Ø Âdï�à<õ

p§m�]�iSf`cdk8]	xL_bl.�W^nkK�Wk8l`ZSv	_b]�v	l`fhm�v�c�ZSv	cd]7���1��� B

L(i, j) =
〈δX [i]δX [j]2〉
(〈δX [k]2〉)2

i < j .

�Ll`cd]�[4f`g�Z\_X�Wkb�8Z	v�ZQ�W]�cdf`cdk8]ªx.Z��W]�v��Lcd]�f`g�Z&a�c{q�cdf
K2

0σ
2∆t � 1

�.fhg�Z
p§k8adadkbxLcd]�[+^nZSa{_bf`cdk8]�B

L(i, j)≡ −2

(
T

∆t

) 3λ2

2 K(i, j)

|i− j|2λ2 ,
| � �

f`gW_bfJ_Xa�adkbxLlLcd]	�W^ncd]�iScd��adZ�f`k�iU_badcd�W^`_bfhZ
K(i, j)

m�l`cd]�[�ZUq���c{^ncdiU_ba�vW_Xft_��8kK]�iSZ
λ2 _b]�v T _8^nZ��W�wZSv�� | 
Lk8fhZLf`gW_bf.k8]�ad��f`g�ZuiSk�q���cd]W_bfhc�kK] K0T

3λ2

2
_b���WZU_K^nl

c�]�f`g�Zu_X�Wkb�8ZAp§k�^`q#m�a�_XZ8�bl`k�f`gW_bf6f`g�Z:m�]�iSZU^nft_bcd]�f��#k8]
T
v�kwZSlA]�k8f�ft^h_b]�l`��c{^nZ

k8]jf`g�Z�lQzbZSxL]�ZSl`l � � �.g�Z#adZS�8ZU^`_b[8Z#iSkw^`^nZSa{_bfhc�kK]�p§m�]�iSf`cdk8]&cdlug�kbx.ZS�8ZU^¥p§kKm�]�v
f`k��WZ8�Kc�]�f`g�Z.iU_bl`Z:kbp<l`fhkwiSz�cd]�v�cdiSZSlU��iSadk8l`ZLf`k�_F��mW^�ZLZS�w�%k8]�ZS]�f`c{_ba�cd] |i− j| �xLcdf`g _(v�ZSiU_=�4f`c{q�ZjkXp'f`ZS]�vW_=�wl�k�^�l`k ���
�'�n��cd]oiSkK]wft^h_bl`f�xLcdf`g ! C<� | � � �
��kw^�cd]�v�cd�wcdv�mW_ba:l`f`k�iñzKlU��g�kbx.ZS�8ZU^S�If`g�Z�v�ZSiU_=�(f`c{q�Z�c�l�q#m�iQgGadk8]�[8ZU^S�>��g�Z
c�]�ft^nk�v�m�iSf`cdk8]�kbp�x.ZSada8v�ZQ�W]�ZSv�f`c{q�Z6l`iU_badZ�x.k8m�adv�^nm�cd]#f`g�Z�l`iU_Xa�cd]�[F�W^nk8�%ZU^nf`cdZSl
kbp�fhg�Z }F�b� �W^nk�iSZSl`lU�0Y(Z.itg�k�k8l`Z6f`kF�W^nZSl`ZU^��8Z6f`g�Z�lhiU_badc�]�[F�W^nk8�%ZU^nf`cdZSl�kbp�fhg�Z
�W^nkwiSZSlhl�p§kw^�fhgW^nZSZu^nZU_blhk8]�l1B | _ � _ l`ft^ncdiSf�q#m�adf`crps^h_biSft_ba�ltzbZSx.ZSv��W^nk�iSZSl`l�cdlJ_X]

û�#



c�]�f`ZU^nZSlhf`cd]�[u�W^nk�iSZSl`l6cd]�cdf`l6kbxL]�^ncd[8gwf=�Uf`gW_Xf q�_=��gW_=�8ZL_b����adcdiU_bf`cdk8]�l6k8m�fhl`cdv�Z
�W]W_b]�iSZ | p§k�^�ZS��_8q���adZGcd]ªf`mW^���m�a�ZS]�iSZ@��� �'� � � | � � fhg�Z\lhiU_badc�]�[��W^nk8�%ZU^nf`cdZSl
kbp�f`g�Z�� }F�b� q�cd[8g�f+ZS]W_X��a�Z(k8]�Z(f`k��W]�v�ZS��_XiSf�_b]W_Xa���f`cdi&p§k�^`q#m�a�_Xl�p§k�^S�
Z8�æ[W�#�W^nk8�W_b��cdadcdf��(v�cdl`ft^�c���m�fhc�kK]�lU�Ç_b]�v | i � fhg�Z�lha�kbx v�ZSiU_=�jkXpJf`g�Z�adZS�8ZU^h_b[8Z
p§m�]�iSf`cdk8]	_badadkbxLl.k8]�Zufhk�k8��ft_Xc�]�adk8]�[�f`c{q�ZF�WZU^nl`cdl`fhZS]wf.ltzbZSx:lU�w_b]�v�cdl.m�l`ZQp§m�a
c�]	fhg�Z�iSk8]wfhZS�wfAkbp kK��f`cdk8]+�W^�c�iScd]�[ | l`ZSZ�l`ZSiSf`cdk8]����WZSadkbx � ��Gs]	k8f`g�ZU^Ax.kw^nv�lU�
ZS�8ZS]+crp�f`g�ZFg�cdl`f`kw^�c�iU_Xa<fhc�q�Zul`ZU^�c�ZSl:v�k�]�kKfJZS��g�cd��cdf'_#adk8]�[+^`_X]�[8ZSv+adZS�8ZU^h_b[8Z
iSkw^`^nZSa{_bf`cdk8]�p~m�]�iSf`cdk8]���fhg�Z�c{q���adcdZSv\v�cdl`fQ^ncd��m�f`cdk8]�lU�%iSk8]�l`cdl`f`ZS]�fLxLcdf`g	k8��fhc�kK]
ltq�cdadZSlU�Wq�cd[8g�f.v�k�l`kW�

� � °�� ��®�´ ��´=® � � � � � � �F®�¯��
G~]���� 

����_b]�c�]�f`ZU^nZSlhf`cd]�[�f`c{q�Z�_bl`��q�q�ZSft^���cd]��W]W_b]�iSc{_ba0l`ZU^ncdZSl.xL_bl�v�ZSf`ZSiSfhZSv
m�l`cd]�[+_�xL_=�8ZSadZSf�_X]W_bad�wl`cdl | l`ZSZ�_badl`k>��� �'�Ip§kw^.^nZSa{_bfhZSv	xJk�^`z � ��©LiSiSkw^�v�c�]�[�f`k
f`g�ZSl`Z�_bm�f`g�kw^nl=� �nf`g�ZF�8k8a{_bf`cdadcdfn��_bf.a{_8^n[KZul`iU_Xa�ZSl:c�] �Wm�ZS]�iSZSl:iU_bm�lt_badad� | c�]	fhg�Z
p§m�f`mW^�Z � f`g�Z��Kk8a{_bf`cdadc�fn�j_bfFl`g�kw^�f`ZU^.l`iU_badZSl��t�%xLg�ZU^nZU_Xluf`g�Z#iSk8]��8ZU^nl`Z�ZQ¦0ZSiSfucdl
q�m�iQg(x.ZU_8zbZU^S���.g�cdl��W]�v�cd]�[jcdl�_biSf`mW_Xa�ad�&v�ZSZS��a��4^nZSa{_bf`ZSv(f`k	f`g�Z�adZS�8ZU^h_b[8Z
ZQ¦<ZSiSf?���+���Ç_b]�v�k8mW^�q�k�v�ZSa~��xLcdf`g+cdf`l.ZS��f`ZS]�v�ZSv�f`c{q�Z�iSkw^`^nZSa{_bfhc�kK]�l6�WZSfnx.ZSZS]
^nZSf`mW^n]�l�_b]�v��8k8a{_bfhc�adcdfn�8�8l`g�kKm�a�v��WZ�_b��adZFf`k�^nZS�W^�kwv�m�iSZLcdfU��_blAx.ZLl`g�kbx�]�kbx��
AF]�Z�iU_b]:C�mW_b]�f`crp§��f`g�ZFZQ¦<ZSiSfF^nZS�Wkw^�f`ZSv�cd] ���+��� � 

���w��iSk�q���m�f`cd]�[�_�iSk�^`^nZQ�
a�_Xf`cdk8]	�WZSfnx.ZSZS]+�Kk8a{_bf`cdadc�fhc�ZSl�_bf.v�cr¦<ZU^nZS]�fFl`iU_badZSl

n
_b]�v

m
��v�ZQ�W]�ZSvj_bl
B

C(n,m) = 〈
(
n−1∑

i=0

δX [i]

)2


n+m∑

j=n

δX [j]




2

〉

=
n−1∑

i=0

n+m∑

j=n

〈δX [i]2δX [j]2〉+ 2
∑

0≤i1<i2<n

n+m∑

j=n

〈δX [i1]δX [i2]δX [j]2〉.

©uadf`g�k8m�[Kg\fhg�c�l?C�mW_b]�f`cdfn�	c�l#]�k8fFZS��_biSfha��&f`g�Z�k8]�Z�iSk8]�l`cdv�ZU^nZSv(cd] ��� 

���0kK]�Z
ZS�w�%ZSiSf`l�f`gW_bf�cdf��WZSgW_=�8ZSl��8ZU^��\lhc�q�c�a{_8^�a��8�@�.g�Z��<^nl`f#f`ZU^`q

C1
cdl�ZU_bl`��f`k

iSkwq���m�f`Z�_b]�v	cdlLZ'C�mW_ba~��cd]jf`g�Z�adc{q�cdf
∆t→ 0

�wfhk�B

C1 = σ4T 4λ2
∫ τ

u=0

∫ τ+τ ′

v=τ

du dv

|u− v|4λ2

=
σ4T 4λ2

(1− 4λ2)(2− 4λ2)
[(τ + τ ′)2−4λ2 − τ2−4λ2 − τ ′2−4λ2

],

xLg�ZU^nZ
τ = n∆t

_b]�v
τ ′ = m∆t

�8�.g�cdl�^nZSl`m�adfFcdl�l`��q�q�ZSft^ncdi�cd]
τ
_b]�v

τ ′
�

_b]�v�f`g�ZU^nZQp~kw^nZAiU_b]�]�k8fAZS�w��a{_bcd]�f`g�ZL_bl`��q�q�ZSft^n�8����g�ZLl`ZSiSk8]�v�fhZU^`q	�bk8]�fhg�Z

û �



k8f`g�ZU^AgW_b]�v���cdluZ'C�mW_ba0f`k�B

C2 = 2σ6K2
0T

4λ2
∆tλ

2+2α−2β

∫

0≤u1<u2<τ≤v<τ+τ ′

2

(v − u2)α
| �1; �

[
1

(u2 − u1)α
+

2

(v − u1)α

]
du1 du2 dv

(u2 − u1)λ2(v − u1)2λ2(v − u2)2λ2 .

Y\Z#]�kbx iQgW_b]�[8ZF��_K^nc{_b��adZSl'_b]�v�l`ZSf1B

u1 = x1τ

u2 = x2τ

v = τ + yτ ′,

_b]�v+_bl`lhmWq�ZA�<^nl`f�fhgW_bf
τ ′ = ετ

x:c�fhg
ε� 1

�8c~�æZ8��x.ZLiSkwq��W_8^�Z�p~m�f`mW^nZ.l`g�k�^nf
l`iU_badZ��8k8a{_bf`cdadcdf`cdZSlux:c�fhg	�W_bl`f.a{_8^n[8ZFl`iU_badZ��Kk8a{_bf`cdadc�fhc�ZSl=� AF]�ZF�W]�v�l1B

C2 ∝ K2
0ε τ

3−2α−5λ2
.


Lkbx��Af`g�ZjkK���Wk8l`cdf`Z&iU_bl`Z&xLg�ZU^nZ
τ = ετ ′

xLcdf`g
ε � 1

�.c~�æZ8�ªx:g�ZU^nZ	x.Z
iSkwq��W_8^nZ�p§m�f`mW^�ZLa{_8^n[8ZLlhiU_badZ��8k8a{_bf`cdadcdf`cdZSlLxLcdf`g��W_blhfJlQq�_badaWl`iU_Xa�ZF�8k8a{_bfhc�adcdf`cdZSl
a�ZU_Xv�lLf`k�B

C2 ∝ K2
0ε

2−α−λ2
τ3−2α−5λ2

.

�.g�ZG^`_bf`cdk4kbp�f`g�Z(l`ZSiSkK]�v cd]�v�cdiU_bf`k�^�f`k�f`g�Z&�<^nl`f	cdl	f`g�ZU^nZQp~kw^nZ&Z'CwmW_Xa�f`k
ε1−α−λ

2 �8xLg�cdiQg�[8k�ZSl6f`k�eSZU^nk��W^nkb��cdv�ZSv�f`gW_bf
α+λ2 < 1

��G~]�f`g�cdl�iU_bl`Z8�bfhg�Z
_bl`��q�q�ZSft^n��cd]�v�ZSZSvGgW_bl�f`g�Z�l`cd[8]&p~k8m�]�v(cd] ��� 
����0f`gW_bfFcdlU��f`g�Z�iSkw^h^nZSa{_bf`cdk8]
�WZSfnx.ZSZS]��W_bl`fI�8k8a{_bf`cdadcdf���_bf�l`g�k�^nf�l`iU_badZL_b]�v p§m�f`mW^�Z��8k8a{_bfhc�adcdfn��_bf�a�_K^n[8Z�lhiU_badZ
c�l�cd]�v�ZSZSv(x.ZU_8zbZU^.fhgW_b]jf`g�Z#iSkw^`^nZSa{_bfhc�kK]	�WZSfnx.ZSZS]j�W_bl`fF�8k8a{_bfhc�adcdfn�j_bfLa{_8^n[KZ
l`iU_badZ�_b]�v�p~m�f`mW^nZF�8k8a{_bf`cdadcdf��	_bf.l`g�kw^�fJlhiU_badZ8�

� � ­ � � � ��´b³ ��®�´b°�­y®�° ° �(®�´b°�­ �G¯A´b³u´b­	��� � ����� �#±
� °�� ��®�´ �b´=® � � � ´ � �
G~f.cdlu_#xJZSadaÇzK]�kbxL]�p2_biSf.f`gW_bf.��a{_biSzX� ��itg�k8adZSlLg����Wk8f`g�ZSlhZSl�_K^nZL]�k8f.lt_bfhc�l��WZSv
c�]��W^`_biSf`cdiSZ8� Gs]\�W_K^nf`cdiSm�a{_8^S�%p2_bfufQ_bcdaÇZQ¦0ZSiSf`l�_b]�v(�8kKa�_Xf`cda�cdfn�	iSadm�l`f`ZU^ncd]�[(_8^nZ
_b��l`ZS]�fucd]Gf`g�Z���a{_biSzX� ��itg�k8adZSl�x.kw^nadv����.g�cdl�gW_bl�c{q��Wk�^nft_b]�fuiSkK]�l`Z'Cwm�ZS]�iSZSl
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3 2 3#xLcdf`g�q�_bf`mW^ncdfn�8��_bf���_K^nc{_b]�iSZ	xLcdf`goq�k8lhf�f`g�ZSkw^�ZSf`cdiU_ba
q�kwv�ZSadl.cd]	xLg�cditg	cdf.v�ZSiU^nZU_blhZSlJ_bl

1/
√
t
��
LkKf`Z'_Xa�lhk�f`gW_bf¥p§k�^J_ �W��ZSv�^h_b]�[8Z

kbp�l`ft^nc{zbZSl=��f`g�ZG^`_X]�[8Z	kbp�^nZSa{_bf`cd�8Z(q�k8]�ZS��]�ZSl`l�v�ZSiU^nZU_bl`ZSl�x:c�fhg q�_bf`mW^ncdfn�
_b]�v�f`g�ZjltzXZSxL]�ZSl`l��WZSiSkwq�ZSljq�kw^nZjv�c �+iSm�adf	f`k�_bl`iSZU^�ft_bcd]o�W^nZSiScdl`ZSad�8� G~]
kw^nv�ZU^If`kufQ^`_biSzFf`g�Z�kw^�c�[Kc�]�kbp0f`g�Z.k8��l`ZU^n�KZSv�v�cdl`iU^nZS�W_b]�iS���8�bx.Z�gW_=�8ZAv�c�^�ZSiSf`ad�

� Æ6¹�Éd·t½SÅD¹�Âd¸�¹2¿8·6ºD·`ïUÂdÁ#· t� T à Ø Í=º t� T Ê=¹2¿K·�Á�Ä8Éd¹2ÂráÜºn½SÌ`¹n½SÉ¾áÜ·t½S¹DÄ8º2·hÅÇ»8ÂdÅn½SÈ8È�·t½Sº6½S¸K» í Í=¹2¿¹2¿8·.Å !U·`ù6¸8·hÅ2ÅL½S¸8»"!bÄ8ºD¹2ÍUÅDÂdÅ6äU½S¸8ÂdÅ2¿%Ê8½SÅ6¹2¿K·JÈKº2ÍbÌ`·`ÅDÅJÌhÍU¸bäU·`ºDïU·`ÅA¹2Í�½�èL½SÄKÅ2Å2Â{½¾¸Wà
� Ú�Í=¹2·F¹2¿w½¾¹�¹2¿K·�½SïUºD·`·`Á#·`¸b¹ í ·`¹~ùÇ·h·`¸	·`Á�ÈKÂ�ºDÂdÌt½SÉ0½S¸8»�¹D¿8·`Í=º2·`¹DÂ�ÌQ½SÉ�ä=ÍUÉ{½S¹DÂ�ÉdÂd¹~Ï�ÂdÅ.Á�Ä8Ìn¿ í ·`¹D¹2·`º
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Ì`Ä8Á�Ä8É{½S¸b¹DÅ�áìÍUºL»8Â���·`º2·h¸�¹:Á�½S¹DÄ8º2Âd¹DÂ�·hÅtÊ÷áÜÍUº α = 0.3 à �6¿8·�¹D¿8·`ÍUºD·`¹2ÂdÌt½¾ÉÇäU½¾ÉdÄ8·`Å½Sº2·AÌ`ÍUÁ#È8Ä8¹D·`» í Ï:áÜÍUºDÁ�Ä8É{½SÅ6Û2Ñ �wÊdÑtô=â`à �6¿8·.ÂdÁ�ÈKÉ�Âd·`»:äU½SÉdÄ8·`Å6½SºD·�Í í ¹�½SÂd¸8·h» í Ï�½
úw¹�ÍSá�¹2¿K·�¼�ÍU¸b¹2·�és¶6½¾º2ÉdÍ�äU½¾É�ÄK·`Å0ÍSá�äUÍUÉ{½¾¹2ÂdÉdÂ�¹~ÏAÄ8Å2Âd¸8ïLË0Ã�à8ÛDÑUÑQâ`ÊSÄ8ÅDÂd¸8ïL½SÉdÉbÅ2¹2ºDÂ !U·`ÅQà
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��ã8½SÁ#·J½SÅ6Âd¸ ��½ í àdÑUÊ¾áÜÍUº α = 0.6

f`ZSl`f`ZSv(f`g�Z�iSmWq#m�a{_b]wf�ZS���W_b]�l`cdk8](k8](f`g�Z�iSmWq�m�a{_bfhc��KZ�v�cdl`fQ^ncd��m�f`cdk8]Gkbp.k8mW^
�W^nkwiSZSlhlU� Y(ZGl`g�kbx�c�]<�Icd[W� �Gfhg�Z\v�cr¦0ZU^nZS]�iSZG�WZSfnx.ZSZS]�f`g�Z(]wmWq�ZU^ncdiU_ba
iSmWq�m�a{_bfhc��KZJv�cdl`fQ^ncd��m�f`cdk8]�kbp0f`g�Z � }F�b� _b]�v�f`g�Z�5�_bm�l`l`c{_b]�v�cdl`fQ^ncd��m�f`cdk8]�p~kw^
f�x.k�v�cr¦0ZU^nZS]wfFf`c{q�Z�a{_b[8lU�

t = 0.25
_b]�v

t = 1
�÷p§k�^

α = 0.6
�:Y(Z�l`ZSZ�fhgW_bf

f`g�Z.iSmWq�m�a{_b]�f�ZS�w�W_b]�lhc�kK]�fQ^nm�]�iU_bf`ZSv�_bfÇlhZSiSk8]�v�kw^nv�ZU^Ic�lAk8]�ad� C�mW_badcdft_bf`cd�8ZSad�
iSkw^`^nZSiSf�cd]�kKmW^�iU_blhZ8�bl`cd]�iSZLx.Z�k8��l`ZU^��8Z�l`��l`f`ZUq�_bf`cdi�v�ZS��c{_bf`cdk8]�l6�WZSfnx.ZSZS]�fhg�Z
ZUq���c{^ncdiU_ba��b_badm�ZSl�_X]�v�f`g�Z��W^nZSv�cdiSf`cdk8]�lU�>�.g�cdl�cdl��W_8^nf`cdiSm�a{_8^nad�(ft^nm�Z�x:g�ZS]
k8]�Zjm�l`ZSl	fhg�ZjZS��_biSf+fhg�ZSkw^nZSf`cdiU_baLiSmWq#m�a{_b]�f`lU�F_b]�vol`m�[K[8ZSl`f`l�fhgW_bf+g�cd[8g�ZU^
kw^nv�ZU^:iSmWq�m�a{_b]�f`l�iU_b]�]�kKfu�%Z�]�ZS[8adZSiSf`ZSv��/�.g�cdl�cdl�cd](p2_biSfFZS�w�%ZSiSf`ZSv���l`cd]�iSZ
g�c�[Kg�ZU^Lkw^�v�ZU^.iSmWq#m�a�_X]wf`l=��p~kw^.ZS��_8q���adZ�ZS�KZS]jk8]�ZSlU�%k8]�ad�	v�ZSiU_=�	xLcdf`gjfhc�q�Z
_bl
κ2p,t ∼ t−2p(p−1)λ2 p~kw^If`g�Z � }u�b� �bc�]�lhf`ZU_bv�kXp

t−p/2
p§kw^�c�cdv+^�ZSf`mW^n]�lU����kw^

ZS��_8q���a�Z8�
κ6,t/κ4,t ∼ t−8λ2 ∼ t−0.25 cd]Gk8mW^�iU_bl`Z8� | ©LiSf`mW_Xa�ad�8�0iSmWq#m�a{_b]�f`l
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� Õ�� ���AÂ ��·`ºD·`¸8Ì`· í ·`¹~ù�·`·`¸(¹2¿K·�»KÂ�ÅD¹2ºDÂ í Ä8¹2ÂdÍU¸�áÜÄ8¸8Ìh¹2ÂdÍU¸&ÍSáJ¹D¿8·���� ��� Û α = 0.6 â½S¸8»�¹D¿8·F¸8ÍUºDÁ�½SÉ%»8ÂdÅ2¹Dº2Â í Ä8¹DÂ�Í=¸WÊbáìÍUº.Á�½¾¹2Ä8ºDÂ�¹~Ï�ðKàæÒUô�ÛêÉd·náÜ¹�âA½S¸8»(ÑUÛêº2ÂdïU¿b¹nâ`à �	·
Ì`ÍUÁ#Èw½SºD·�Â�¹Fù6Âd¹2¿(¹2¿K·�ÌhÄ8Á�Ä8É{½S¸b¹.·`ßbÈw½S¸KÅ2ÂdÍU¸WÊ�·`äU½¾ÉdÄw½S¹D·`»jù6Âd¹2¿&¹2¿8·�ÂdÁ�ÈKÉ�Âd·`»
äU½SÉdÄ8·`Å6Í¾á<¹2¿K·LÌ`Ä8Á�Ä8É{½¾¸�¹DÅÇÍ í ¹�½¾Âd¸8·`» í Ï�úw¹6Í¾á�¹D¿8·Lä=ÍUÉ{½S¹DÂ�ÉdÂd¹~ÏLÅDÁ�ÂdÉd·J½S¸K»�ù6Âd¹D¿
¹2¿8·F¹2¿8·hÍUº2·h¹2ÂdÌt½SÉIäU½SÉdÄ8·`ÅAÍSáÇ¹D¿8·uÌhÄ8Á�Ä8É{½S¸b¹2ÅQÛ2Ñ �wÊdÑtô=â`à �6¿8·Fº2·hÅ2Ä8Éd¹2ÅL½¾º2·FÅ2ÂdÁ�ÂdÉ{½Sº
Â�¸#¹2¿8·.Ìt½¾Å2· α = 0.3 à

ZS�8ZS]�v�cd�8ZU^n[8Z6�%ZS�8k8]�v�_.iSZU^nfQ_bcd]ukw^�v�ZU^
p∗ = 1+1/4λ2 �=l`ZSZ����+;�� � ��A:p�iSk8mW^�l`Z8�f`g�ZA�Wf6kbp<f`g�Z.iSmWq#m�a{_bf`cd�8Z.v�cdl`ft^ncd��m�f`cdk8]�xLcdf`g�f`g�Z.c�q���a�cdZSv���_badm�ZSlAZS�wft^h_biSf`ZSv

ps^nk�q�f`g�Z�k8��f`cdk8](ltq�c�adZ�cdl��%ZSf`f`ZU^S�0lhc�]�iSZ�f`g�ZSl`Z���_badm�ZSl�ft^n�&f`k	iSkw^`^nZSiSf�fhg�Z
c�]W_Xv�Z'CwmW_biS�#kbpWf`g�Z.ft^nm�]�iU_Xf`ZSv�ZS�w�W_X]�l`cdk8]����.g�Z�iSk8]�iSadm�l`cdk8]�kbpWf`g�cdl6l`f`m�v���cdl
f`gW_bfÇ_.lhc�q���a�Z.iSmWq#m�a{_b]�f�ZS�w�W_X]�l`cdk8]�p~kw^0f`g�Z � }F�b� k8]�ad��[8cd�8ZSl _ CwmW_badcdft_bfhc��KZ
v�ZSl`iU^ncd��f`cdk8](kbp6k8��f`cdk8](ltq�cdadZSlU�?G~](kw^nv�ZU^:f`k�[KZSf8C�mW_b]�f`cdft_bf`cd�8Z�^nZSlhm�a�fhlU�WkK]�Z
l`g�k8m�adv	m�l`Z���k8]�f`ZQ� =L_8^nadk#�W_bf`g�lU���:kbx.ZS�8ZU^S�bf`g�Z�l`iU_Xa�cd]�[��W^nk8�%ZU^nf`cdZSl.kbp fhg�Z
q�kwv�ZSa�q�cd[8gwfF_bada�kbx k8]�Z�f`k��W]�v(ZS��_biSfu_b]W_Xa���f`cdi�lhk8adm�f`cdk8]�lLcd](l`kwq�Z�iU_blhZSlU�
��cd]W_badad�8��xJZ#xL_b]wfFf`k�l`g�kbx q�_b]w�	fn����cdiU_baÇlQq�cda�Z�l`gW_X�WZSl�iU_b](�WZ�k8��fQ_bcd]�ZSv
xLcdf`g+kKmW^��W^�kwiSZSl`l.���+fhm�]�c�]�[�cdf`lLv�ZS[�^nZSZukXp _bl`��q�q�ZSft^�� | q�ZU_Xl`mW^nZSv��w��fhg�Z
�W_8^`_8q�ZSfhZU^

K0
� �	Y(Z+gW_=�8Z�l`g�kbxL]Gcd] | �Ic�[%��� � f`gW^nZSZ�ltq�cdadZSl�kK��ft_bcd]�ZSv(p~kw^

v�c¨¦0ZU^nZS]�fu�b_badm�ZSlukbp
K0

B
0.1, 0.5, 1

� G~]&f`g�cdluZS��_8q���adZ�_�q�kw^nZF�W^nk8]�kKm�]�iSZSv
ltzbZSxL]�ZSl`l.iU_b]	�%Z�k8��fQ_bcd]�ZSv�� ��g�Z�f`ZU^`q"l`ft^nm�iSfhmW^nZukXpÇf`g�Z�ltzbZSx:]�ZSl`lu_b]�v�kbp
f`g�Z6iSmW^n��_Xf`mW^nZ�kbpwf`g�Z6ltq�c�adZAiU_b]��WZAitg�k8lhZS]u���u��a{_=��c�]�[:xLcdf`g�f`g�Z6�W_8^`_Kq�ZSf`ZU^nl
α
_b]�v

λ2 �

� � °�­G³ �b²�� ´b°�­ ��­4± ��¯�° � � ��³:® �
G~]�f`g�cdlJ�W_X�WZU^S��x.ZLgW_=�8ZF[8ZS]�ZU^`_badcdeSZSv+fhg�ZuiSk8]�lhft^nm�iSf`cdk8]�kXp�fhg�Z'q#m�adf`crps^h_biSft_ba
^`_b]�v�kwq xL_ba{z |~}F�b�+� kbp8����� fhk�ft_8zbZ�cd]�f`k	_biSiSk8m�]�fLf`g�Z�_Xl`��q�q�ZSft^ncdi�iQgW_8^D�
_biSf`ZU^�kbp�f`g�Z:�W]W_b]�iSc{_ba<^�ZSf`mW^n]�lU�	AFmW^��<^nl`f.q�k8f`cd�b_bf`cdk8]�xL_bl6f`k#cd]wft^�kwv�m�iSZLcd]
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� Õ�� � �~Á�È8ÉdÂd·`»�äUÍ=É�½¾¹2ÂdÉdÂd¹~Ï vt ½SÅL½FáÜÄK¸8Ì`¹2ÂdÍ=¸+Í¾áÇ¹2¿8·FÅ2¹Dº2Â !U·=Ê�áÜÍUºA»8Â���·hº2·`¸b¹LäU½¾É�ÄK·`Å�Í¾á¹2¿8·�Èw½¾º�½SÁ#·`¹2·hº K0
Ê0áÜÍ=º α = 0.3 Û{Éd·náì¹�â�½S¸K» α = 0.6 Û{ºDÂ�ï=¿b¹�â`à �	·�¿�½QäU·Ì�¿KÍUÅ2·h¸ r = 4% Ê σ1 = 20% Ê λ = 0.175 à �~¸ í Í=¹2¿�ÌQ½SÅ2·�ù�·FÌ`Éd·t½SºDÉ�Ï�ÅD·`·�¹2¿8·ïUº2ÍSù6Âd¸8ï:Â�¸ �wÄ8·`¸8Ìh·LÍSá K0

ÍU¸�¹2¿K·�½¾Å2ÏbÁ�Á#·`¹2ºDÂdÌ6Å2¿w½¾Èw·LÍ¾á<¹D¿8·LÅ2Á#ÂdÉ�·=à

f`g�cdlJiSa{_blhl�kbpÇq�k�v�ZSadlJfhg�ZLk8��l`ZU^n�KZSv�iSkw^`^nZSa{_bfhc�kK]��WZSfnx.ZSZS]��W_bl`f.^nZSf`mW^n]�l�_X]�v
p§m�f`mW^�Z��8k8a{_bf`cdadcdf��8�%cd](l`m�itg(_�xL_=�+f`gW_XfLf`g�Z�l`iU_badZ�cd]w�b_8^nc{_b]�iSZ#�W^nk8�WZU^�f`cdZSlLkbp
f`g�Z }F�b� _8^�Z��W^�ZSl`ZU^n�8ZSv��E�.g�cdl�iSkw^`^�ZSa�_Xf`cdk8](a�ZU_Xv�l�f`k(_��Wkbx.ZU^D�2a{_Ux lQzbZSx.�
]�ZSl`lLkbp6f`g�Z�^nZSf`mW^�]�lU��_b]�v	cdlucd]	p2_biSf.v�ZSZS��ad�jiSk8]�]�ZSiSfhZSv	xLcdf`g	f`g�Z�l`kb�2iU_Xa�adZSv
��¡0¢ �<£ ¡ ��ZQ¦0ZSiSfU�=kw^��niU_Xm�lt_ba8iU_blhiU_bv�Z�� kK��l`ZU^n�8ZSv�cd]����+���1� 
-��� ��m�iQg�_:�W^nk�iSZSl`l
iU_b]��WZL�8ZU^���m�l`ZQp§m�a�cd]��W]W_X]�iSZJlhc�]�iSZ:c�f6iU_X��f`mW^nZSl�q�k8lhfÇkbpWfhg�ZJlhf���adcdeSZSv�ps_XiSf`l
kbp�fhg�Z�^nZSf`mW^n]�l1B0]�kK] 5�_bm�l`l`c{_b]#l`gW_b�WZ�_Xf�l`g�kw^nfIl`iU_badZSlU�=�8k8a{_bf`cdadcdf��FiSadm�l`f`ZU^ncd]�[W�
a�kK]�[�^`_b]�[KZLv�ZS�WZS]�v�ZS]�iSZ8�W_X]�v��8xLcdf`g�fhg�Zu�W^nZSlhZS]wfAxJk�^`zW�bfhm�]W_b��adZLltzbZSxL]�ZSlhlU�
��k8l`l`cd��adZ�_b����adcdiU_bf`cdk8]�lFc�]��W]W_b]�iSZ�_8^nZF]�mWq�ZU^nk8m�l1B��W^ncdiScd]�[�kbp kK��f`cdk8]�lU��^ncdltz
q�_b]W_b[8ZUq�ZS]wfU�¥ZSf`i8� ©ul�cda�adm�l`fQ^`_bf`ZSvª_b�%k��KZ8��f`g�ZGq�k�v�ZSaLiSk8]�lhc�v�ZU^�ZSv g�ZU^�Z
a�ZU_Xv�l	f`k��KZU^n���8ZU^nlt_Xf`cda�Z&l`gW_b�%ZSl+kbp��Kk8a{_bf`cdadc�fn��l`mW^Dp2_biSZSl+x:c�fhg _b]�kwq�_badk8m�l
f`ZU^`q l`ft^nm�iSf`mW^�Z8��Gs]G�W_8^nf`cdiSm�a{_8^S�Ik8]�Z�iU_b]�_biSiSkKm�]wf:p§k�^Fltq�cdadZSl�xLcdf`gGlQzbZSx.�
]�ZSl`lLf`gW_bf.cdlLiSk8]�lhft_b]�fJk�^�ZS�KZS]	c�]�iU^�ZU_bl`ZSlLxLcdf`gjq�_bf`mW^ncdfn�8� �.g�cdlFx.k8m�adv	]�k8f
�WZ��%k8l`l`cd��adZ�x:c�fhg�k8m�fu_�l`adkbxLad��v�ZSiU_U��cd]�[+^nZSf`mW^�]��2�8k8a{_bf`cdadcdf�� | adZS�8ZU^`_X[8Z � iSkw^D�
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∑

0≤i1 ,...,iq<n
〈ε[i1]γ1 . . . ε[iq]

γqeγ1ω̃[i1]+···+γq ω̃[iq ]〉,

xLcdf`g

γi ∈ N ∗∑

i

γi = 2p+ 1

Y�^�c�fhc�]�[	q�kw^�ZuZS����adc�iScdf`ad�
ω̃[i]
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∑

0≤i1,...,iq<n
〈ε[i1]γ1 eK1ε[i1 ]〉 . . .〈ε[iq]γq eKqε[iq ]〉〈eγ1ω[i1]+···+γqω[iq ]〉

∏

−∞<i<n,i 6=i1 ,...,iq
〈eKiε[i]〉.
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ε[i]γieK〉ε[i]
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f`k�l`c{q���adcrp§�&cdfU�8Gs]\�W_K^nf`cdiSm�a{_8^S��f`k�f`g�Z��<^nlhfLkw^nv�ZU^.cd]
K0
� 〈eKiεi〉 ' 1

�.Y(Z
_badl`k�gW_U�KZ

〈ε[i]γi eK〉ε[i]〉 ' 〈ε[i]γi(1 +K〉ε[i] + . . .〉

'
{ 〈ε[i]γi c¨p

γi
c�l:ZS�8ZS]

K〉ε[i]1+γi
c¨p
γi
c�l:kwv�v

�Fm�Z�f`k | � � �¾xJZAv�ZSv�m�iSZ.f`gW_bf�f`g�ZAadk�x.ZSl`f�kw^nv�ZU^�f`ZU^`q�cd]
K0
cdl�p§k8m�]�v#xLg�ZS]�_

q�_b��c�q#mWq ]wmWq#�WZU^¥kbp
γi
_8^nZLZS�8ZS]��Kf`gW_bfAc�lL_bada

γi
ZS��iSZS��f.k8]�Z | �WZSiU_bm�lhZLx.Z

a�k�kwz�_XfJfhg�Z
2p+ 1th

q�k�q�ZS]wf � _8^nZFZS�8ZS]�����cd]W_badad�8�Wm�lhc�]�[��W_bl`cdi��W^nk8�%ZU^nf`cdZSl
kbpÇf`g�Z 5�_bm�lhl`c{_b]	�8ZSiSf`kw^¾���

ωi � ��x.Z:�W]�vjf`gW_Xf1B

〈eγ1ω[i1]+···+γqω[iq ]〉 =
∏

1≤k<`≤q

(
T

(1 + |ik − i`|)∆t

)γkγ`λ2 (
T

∆t

)λ2( 1
2

∑
γ2
i−
∑
γi)

.

Y\ZFxL_b]�fÇf`k�zK]�kbx�xLg�cditg�iSkwq#��c�]W_Xf`cdk8]�kbp�f`g�Z {γi} adZU_bv�lAf`k�f`g�ZLv�k�q�cd]W_bfn�c�]�[&f`ZU^`q	��AF]�Z�xL_=�	f`k	v�k	f`g�cdl�cdl#f`k+lhf`m�v��jf`g�Z�l`iU_badcd]�[jxLcdf`g
∆t
kbpJfhg�Z

f`ZU^`q iSk�^`^nZSl`�%k8]�v�cd]�[\fhk�_&[8cd�8ZS]4iSkwq#��cd]W_bf`cdk8]4kbp {γi} �7=.kwq#��cd]�cd]�[\fhg�Z
�W^nZS�wcdk8m�l:iSkwq���m�ft_bfhc�kK]�lU�8x.Z:�W]�vjf`gW_bf.f`g�ZFZS���Wk8]�ZS]�fLkbp

∆t
cdl1B

∆t1+(α−β)+λ2+p(1+2λ2)−q− 1
2
λ2
∑q
i=1 γ

2
i .

G~]jfhg�Z�adc{q�cdf
∆t → 0

��k8]�ad�	f`g�Z#ltq�_badadZSl`fFZS�w�%k8]�ZS]�fLxLcdada6iSk8]wfQ^ncd��m�f`Z8� ��g�Z
k8]�ad���W_8^`_8q�ZSf`ZU^nl6x.ZLiU_b]	_bv �hm�l`fJ_8^�Z

q
_b]�v ∑q

i=1 γ
2
i

��xLcdf`g�f`g�ZFiSk8]�l`ft^h_bcd]wf
∑q

i=1 γi = 2p+ 1
���.g�Z�fnx.k�ZS�wfQ^nZUq�_�_K^nZ+B

• q = 2, γi1 = 2p, γi2 = 1
x:g�c�iQgjiSk�^`^nZSl`�%k8]�v�l.f`k�_b]	ZS�w�%k8]�ZS]�f1B

µ2 = (α− β) +
λ2

2
+ (p− 1)(1− 2pλ2).

• q = p+ 1, γi1 = · · · = γip = 2, γip+1 = 1
xLg�cdiQg+iSk�^`^nZSl`�%k8]�v�l6f`k�_X]

ZS���WkK]�ZS]wf1B

µp+1 = (α− β) +
λ2

2
.

�.g�Z+v�cr¦0ZU^nZS]�iSZ
µ2 − µp+1 = (p − 1)(1 − 2pλ2)

cdl��WkKl`cdf`cd�8Z�_Xl�l`k�k8]�_bl
p < p∗ = 1

2λ2
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2p∗ + 1
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p(1+2λ2)−q− λ2

2

∑q
i=1 γ

2
i
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q = p
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